ABSTRACT. Let X be a compact Kähler manifold and let T be a foliated cycle directed by a transversally Lipschitz lamination on X . We prove that the self-intersection of the cohomology class of T vanishes as long as T does not contain currents of integration along compact manifolds.
INTRODUCTION
Let X be a compact complex manifold. An embedded lamination L of dimension q in X is a compact subset of X given locally by a disjoint union of holomorphic graphs over a q-dimensional polydisc. These local graphs are called plaques of L (see section 2.1 for a precise definition). When q = 1 we say that L is a Riemann surface lamination on X . These objects have been considered by numerous authors and they have connections to many other branches of Geometry and Dynamics such as complex dynamical systems of several variables and foliation theory. For an account of the subject the reader may consult the surveys [10] , [14] and the reference therein.
Given an embedded lamination L of dimension q, a foliated cycle T directed by L is a positive closed current on X that is locally given by an average of currents of integration along the plaques with respect to a positive measure µ. We say that T is diffuse if the measure µ has no atoms. This is equivalent to the fact that T has no mass on submanifolds of dimension q (see Remark 2.5). Alternatively, a foliated cycle may be described as a holonomy invariant transverse measure.
From a geometric point of view it is expected that the self-intersection of a diffuse foliated cycle should be zero. For the homological intersection this was proved by HurderMitsumatsu, [15] in the context of (real) foliations of arbitrary dimension and codimension. For complex laminations, the main results concern one-dimensional cycles on complex surfaces.
The vanishing of the self-intersection indicates that the existence of a foliated cycle is quite special. As a matter of fact, many laminations carry no foliated cycle at all. For laminations in P 2 this was first noted by Camacho-Lins-Neto-Sad in [4] , where they considered cycles supported by minimal sets of holomorphic foliations. For transversally smooth foliations the result follows from Hurder-Mitsumatsu's Theorem and for Lipschitz laminations this is due to Fornaess and Sibony (see [9] and [10] ). Our main result concerns the self-intersection of diffuse foliated cycles of arbitrary dimension and codimension on a compact Kähler manifold.
Theorem 1.1. Let X be a compact Kähler manifold of dimension n and let T be a diffuse foliated cycle of dimension q directed by an embedded transversally Lipschitz lamination on X . If {T } ∈ H
n−q,n−q (X ) denotes its cohomology class then {T } {T } = 0 in H 2n−2q,2n−2q (X ).
The proof uses a notion of intersection of currents introduced by Dinh and Sibony in [6] , which is denoted by the symbol . Our arguments also show that T T = 0 if q ≥ n 2 , see Section 4.2. This is related to a theorem of Dujardin [8] saying that for a foliated cycle T defined on an open set of C 2 , the wedge product T ∧T vanishes as long as it is well-defined in the usual sense of Pluripotential Theory. Our theorem extends this result in two ways, firstly it works in any dimension and codimension (as long as q ≥ n 2 ) and secondly, no a priori regularity of T is assumed. Nevertheless we need the underlying lamination to be transversally Lipschitz and the current T to be globally defined.
As an application of Theorem 1.1 we can show that laminations of low codimension on certain Kähler manifolds carry no diffuse foliated cycles (see section 5 for other examples). The presence of a foliated cycles imposes strong conditions on the dynamics of the lamination and as noted above their existence is quite rare. Nevertheless, every lamination by Riemann surfaces carries a directed harmonic current, this is a positive dd c − closed current directed by the leaves of L (see [10] for more details). This was proven in [13] for foliations, in [1] for continuous laminations with singularities and in [19] in greater generality. However, there are examples of laminations of dimension two that do not carry any directed harmonic current, see [11] . We should also notice that the non-existence of foliated cycles for Riemann surface laminations can be used in some cases to show that directed harmonic currents are unique. This can be viewed as a type of unique ergodicity in this setting, see [9] , [7] and also [18] .
The proof of Theorem 1.1 consists of an application of the theory of densities of positive closed currents of Dinh and Sibony, [6] . This notion can be used to define the intersection of positive closed currents in a quite general setting and it seems to be a well suited tool to deal with intersections of directed currents (see [7] for a recent application to foliations in P 2 ).
The paper is organized as follows. In Section 2 we set some notation and state the basic facts about laminations and foliated cycles. Section 3 is devoted to a brief overview of the theory of densities. The main points are the fact that density classes encode the cohomological intersection (see Proposition 3.6) and that representatives of these classes can be computed using local coordinates, see Theorem 3.4. Therefore, Theorem 1.1 can be proved using the local expression of a foliated cycle in a flow box, which is done in Section 4. Finally, in Section 5 we apply our theorem to some concrete examples.
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2. PRELIMINARIES 2.1. Laminations by complex manifolds. Let Σ be a compact metric space. A lamination L of Σ by complex manifolds of dimension q is an atlas of homeomorphisms
is the unit disc on C q and K i is a topological space such that the coordinate changes
with f i j holomorphic in the first variable.
We will call such an open set U i a flow box and the sets Π t = ϕ
Let now X be a compact complex manifold. We say that L is an embedded lamination on X if Σ ⊂ X , the transversals K i are contained in D n−q and the charts ϕ
and an open set of X which are holomorphic in the first coordinates.
The following lemma shows that, in holomorphic coordinates, the plaques are given by disjoint graphs of holomorphic functions. 
where h t are uniformly bounded holomorphic maps with values in C n−q depending continuously in t such that h t (0) = t and h 0 ≡ 0.
Sketch of the proof. Let p be a point in a flow box U i and let ϕ i :
be a foliated chart centered at p. This is a homeomorphism that restricts to a holomorphic map on each plaque Π t = ϕ
restricts to a one-to-one holomorphic map on each ψ i (Π t ), so these sets are given by disjoint holomorphic graphs (z ′ , f t (z ′ )) varying continuously with t . We can take h 0 = f 0 ≡ 0 In what follows we will also call an open set V i as in Lemma 2.1 a flow box. 
The fact that the above expressions glue together to give a globally defined current corresponds to the invariance relation
where γ i j : K i → K j are as in (2.1). This gives a correspondence between foliated cycles and transverse invariant measures. We will say that T is diffuse if in every flow box the corresponding measure µ i is diffuse (i.e. does not charge points).
Remark 2.3.
A current T as above is sometimes called strongly directed or uniformly laminar. There is also a notion of weakly directed current (cf. [10] , Definition 6). These notions coincide for foliations due to a classical result of Sullivan, [20] . In [12] the authors show that every weakly directed current is a foliated cycle when n = 2. They also give a counter-example in dimension 3. More precisely, let a r be the area of φ(D r ) and ℓ r be the length of φ(∂D r ). If r n is a sequence tending to infinity such that lim r n →+∞ ℓ r n a r n = 0, then the normalized currents of integration along φ(D r n ) converge to a closed positive current directed by L . Ahlfors showed that such sequences always exist. We can also produce foliated cycles using different notions of parabolicity (see Remark 5.6).
DENSITY OF POSITIVE CLOSED CURRENTS
We review in this section the basic facts of the theory of densities of positive closed currents introduced by T.-C.Dinh and N. Sibony. This will be the main tool in the proof of Theorem 1.1. We refer to [6] for the complete exposition. The Lelong number can be characterized by the following geometric construction. Let
. Then the family of currents T λ = (A λ ) * T , |λ| ≥ 1 is relatively compact and any limit current S is defined in all of C n . We can view S as a current in P n by considering its trivial extension through the hyperplane at infinity. Now let T be a positive closed (p, p)−current defined on a compact Kähler manifold X and let V ⊂ X be a compact complex submanifold. Denote by E the normal bundle to V in X and E its canonical compactification, defined as E = P(E ⊕ C). The multiplication by λ ∈ C * along the fibers defines an endomorphism A λ : E → E that extends trivially to E .
Inspired by the above discussion we may want to define a tangent of T along V as a limit of T under the dilations A λ . The main problem is that we cannot transport T to a current in E in a holomorphic way. Nevertheless, there are maps τ from a neighborhood of V in X and a neighborhood of the zero section in E that are diffeomorphisms and whose differential at V is the identity in the normal direction (see [6] , Definition 2.14). These maps are called admissible and they suffice to define tangent currents. (E , C), which is independent of S, is called the total tangent class of T along V and it is denoted by κ V (T ).
3.1.1. Local computation of tangent currents. An important feature of the notion of tangent currents is that they can be computed using local coordinates (even though the current T must be globally defined). This property will be crucial in the proof of Theorem 1.1.
Let V ⊂ X as above and denote ℓ = dimV and n = dim X . Let V 0 be a small open set of V and U 0 a small neighborhood of V 0 in X . We may assume that U 0 is biholomorphic to
) in which V 0 is given by {x ′′ = 0}. In these coordinates the normal bundle E to V 0 is holomorphically identified with the trivial C n−ℓ − bundle over D ℓ and V 0 is identified with its zero section.
Denote by τ :
be the multiplication along the fibers of E and define
The following result follows from [6] , Proposition 4.4.
Theorem 3.4 (Local computation). The family {T λ , |λ| ≥ 1} is relatively compact. Moreover, if (λ n ) is a sequence converging to infinity such that T λ n → S, then S is a positive
closed (p, p)−current on E | V 0 independent of the choice of the local chart τ as above.
3.2. Density classes and intersection product. Let X be a compact Kähler manifold of dimension n. Given two positive closed currents T 1 and T 2 of bi-degrees (p i , p i ), i = 1, 2 on X we will define the density of the pair (T 1 , T 2 ). When T 2 is the current of integration along a submanifold V we recover above the notion of tangent current along V .
It is a rank n vector bundle and, under the natural isomorphism ∆ ≃ X , E identifies with the tangent bundle of X .
Definition 3.5.
A tangent current to T along ∆ is called a density current associated with
These ideas can be further developed and culminate in the definition of an intersection product of T 1 and T 2 which is compatible with the cohomological cup product and coincides with classical notions of intersection. The interested reader may consult Section 5 in [6] . We state here only a particular case that we will use. 
PROOF OF THE MAIN THEOREM
This section is devoted to the proof of Theorem 1.1. By Theorem 3.4 we will be able to deduce the global result from a computation using local coordinates, so we begin by considering the local case.
4.1. Local result. Let L be a Lipschitz lamination of dimension q embedded on a compact Kähler manifold X of dimension n. From Lemma 2.1 we can choose holo-
for some uniformly bounded holomorphic functions h a :
depending continuously on a = h a (0) and h 0 ≡ 0.
Let T be a diffuse foliated cycle of dimension q on X directed by L . In the flow box B, T is given by 
We will need the following simple result. It can be proven, for instance, using Fubini's Theorem. 
The expression of T becomes
We will need the following properties of f α , g α and M:
The measure M gives no mass to the set {α 2 = 0}, see Lemma 4.1. (2) means that for every 0 < ρ < 1 there is a constant c = c(ρ) > 0 such that
Remark 4.2. (a) Property
(b) From Cauchy formula, we have analogous upper bounds for the derivatives of f α and g α of any order.
(c) Property (4) corresponds to the geometric fact that the plaques L a,b with a = b don't intersect the diagonal and the plaques L a,a intersect the diagonal along a qdimensional manifold.
Let A λ (z, w) = (z, λw) be the dilation in the direction normal to ∆ and set
The main result in this section is the following. The proof will follow from the following basic estimates. 
Proof. From Property (4) and the Lipschitz condition (4.1) we get
From Remark 4.2-(b) we have that Dg
, w ′ ≤ ρ and some constant k > 0, so by the mean value theorem we get
Combining these two inequalities gives
for some constant c 3 > 0.
To prove the left inequality in (4.2) we use Property (3) and the estimate (4.1). We get
Using again the fact that Dg α (z
, w ′ ≤ ρ and the mean value theorem we get
for some constants c 1 , c 2 > 0. This completes the proof of the Lemma.
We will also need the following standard result, saying that the volume of a bounded family of graphs is uniformly bounded. We first recall some basic facts. 
where the volume is computed with respect to the standard Hermitian metric on
Since the functions f are uniformly bounded it follows from Cauchy's estimates that the first derivatives of f are uniformly bounded over K . This implies that the coef- Proof. We will consider only the pairs (λ, α) satisfying α 2 ≤ |λ| −1 . Recall that the para-meters α vary on a bounded set. The support gives
for some constant k > 0. (4. 3)) lies outside the compact set
The lemma follows.
Proof of Proposition 4.3. Dividing the integral defining T λ in two parts we get
Take a compact neighborhood of the origin K as in Lemma 4.7, so that T ′′ λ is zero on K for every λ. It follows from Lemma 4.6 that there is a constant M > 0, independent of λ, such that the mass of T (X ) = 0 for dimensional reasons. Therefore the product {T } {T } is trivially zero in this case. We may assume then that q ≥ n 2 . According to Proposition 3.6 it suffices to show that the total density class κ(T, T ) vanishes.
Let S be a tangent current to T along ∆. If U is a small open set intersecting the support of T and contained in a flow box B × B ⊂ X × X we can choose coordinates (z, w) in U as in Section 4.1, so that ∆ is given by {w = 0}. From Theorem 3.4 we can compute the restriction of S to U as the limit
From Proposition 4.3 we have that lim |λ|→∞ T λ = 0, so any tangent current to T along ∆ vanishes on U . Since U is arbitrary we conclude that the zero current is the only tangent current to T along ∆. Therefore the tangent class κ ∆ (T) = κ(T, T ) is zero, concluding the proof. Remark 4.8. For q ≥ n 2 , the vanishing of the class κ(T, T ) implies that T T = 0, where the wedge product is in the sense of Dinh-Sibony (see [6] , Section 5).
APPLICATIONS
We give in this section some consequences of Theorem 1.1. The above result is proven in [9] for n = 2 and q = 1. In their proof, a crucial ingredient is the fact that P 2 is homogeneous under the action of its automorphism group. This is used in order to regularize the foliated cycle. Our approach allows us to bypass this difficulty.
In what follows a Riemann surface is called parabolic if it is uniformized by the complex plane and hyperbolic if it is uniformized by the the unit disc. The following corollary is consequence of the Ahflors' construction (Example 2.6). Proof. Suppose that there is a parabolic leaf L whose closure does not meet the singular set of F . In this case, the foliation F restricts to a non-singular lamination L in a neighborhood of L and the Ahlfors' construction (Example 2.6) gives a foliated cycle directed by L , which is impossible in view of Corollary 5.4.
The above results hold in particular when X is the complex projective plane. In this case, the condition of having no compact leaves is generic, see [16] .
Remark 5.6. Some authors consider different notions of parabolicity and use them to produce d−closed and dd c -closed currents in the same spirit as Ahlfors (see [3] , [5] and [17] ). We can also apply the above results to these types of parabolic leaves. by the canonical projection π : C n → X . A result of de Thélin [5] allows us to construct a positive closed current T of bi-dimension (n −1, n −1) as a limit of normalized currents of integration along π(D r n ), where D r is an (n −1)−dimensional disc of radius r in H and r n is a sequence tending to infinity. By construction, the current T is a foliated cycle directed by L .
Let us prove the converse. Recall that, using Hodge theory, we can see that the cohomology ring H
• (X , C) is isomorphic to the exterior algebra 
and since T ∧ i γ ∧ γ is a positive current, it must be zero. It is not hard to show from this fact that T ∧ γ = 0, so T is directed by the linear foliation defined by ker γ.
Foliated cycles on Hirzebruch surfaces. We now apply Theorem 1.1 to describe the foliation cycles on a Hirzebruch surface. Let us first recall some facts about currents on projective bundles. We refer to [6] , Section 3 for more details.
Let V be a Kähler manifold of dimension ℓ with Kähler form ω V and let E be a rank r holomorphic vector bundle over V . The projectivization of E , denoted by P(E ), is the P r −1 −bundle over V whose fiber over x ∈ V is the projectivization of E x .
Definition 5.9. Let S be a non-zero positive (p, p)−current on P(E ). The horizontal dimension (or h−dimension for short) of S is the largest integer j such that S ∧ ω j V = 0. When this dimension is 0 we say that S is vertical.
Given a cohomology class c ∈ H 2p (P(E ), C) we can apply the Leray-Hisrch Theorem and get a decomposition
where κ j (c) is a class in H 2ℓ−2j
(V, C) and h P(E ) ∈ H 2 (P(E ), C) is the tautological class of the associated O P(E ) (1)−bundle over P(E ). Proof. We have to show that S ∧π * ω V = 0, where ω V is a Kähler form in V . We can work locally. Choose coordinates (z, w) with values in the unit bi-disc in which V is given by {w = 0} and N V → V identifies with the trivial bundle. We can take ω V = i dz ∧ dz.
In these coordinates S = lim λ n →∞ T λ n , where
Making λ → ∞ and using the fact that T has no mass on V gives lim |λ|→∞ T λ ∧i dz∧dz = 0. By semicontinuity S ∧ i dz ∧ dz = 0, proving the first part of the Lemma. The last statement follows from Lemma 5.11. Recall the the Hirzebruch surface Σ n , n ≥ 0 is defined by Σ n = P(O P 1 ⊕ O P 1 (−n)),
where O P 1 denotes the trivial line bundle over P Every compact complex surface that is a P 1 −bundle over P 1 is isomorphic to Σ n for some n ≥ 0. The surface Σ 0 is equal to P 1 ×P 1 and Σ 1 is isomorphic to the the projective plane blown-up at a point. Proposition 5.13. Let L be a Lipschitz lamination by Riemann surfaces embedded in Σ n , n = 0. Then every diffuse foliated cycle T directed by L is given by T = π * ν for some diffuse measure on P
1
. In particular, the lamination L is a union of fibers of π : Σ n → P
.
Proof. The group H 2 (Σ n , C) is generated by F and C , where F is the class of a fiber and C is the class of the section at infinity. Their intersections are given by We claim that T ∧ π * ω F S = 0. Indeed, as noted above the class of π * ω F S equals to F , so the class the positive current T ∧ π * ω F S is c F = a F 2 = 0. The claim follows from the fact that the class of a positive closed current S is zero if and only if S = 0.
The fact that T ∧ π * ω F S = 0 means that the current T is vertical, i.e. its h−dimension is zero. It follows that T is given by an average of currents of integration along the fibers of π (see [6] , Lemma 3.3 ) , that is, T = π * ν for some measure on P
The above result shows in particular that a Lipschitz lamination on Σ n without compact leaves carries no directed positive closed current. It is worth mentioning that every non-singular holomorphic foliation globally defined on Σ n is given by the canonical fibration (see [2] , p. 37).
For n = 0 we have that Σ 0 = P 1 × P
1
. Arguing as above we can show that the only diffuse foliated cycles are given by T = π * 1 ν or T = π * 2 ν for some diffuse positive measure ν on P
, where π i denote the projection on each factor. A similar result was obtained by Perez-Garrandes in [18] , where he also showed that for a Lipschitz lamination in
the absence of foliated cycles implies the existence of a unique directed harmonic current of mass one.
